IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Heisenberg-Weyl algebras of symmetric and antisymmetric bosons

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1987 J. Phys. A: Math. Gen. 20 L681
(http://iopscience.iop.org/0305-4470/20/11/002)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 129.252.86.83
The article was downloaded on 31/05/2010 at 19:42

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/20/11
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 20 (1987) L681-L687. Printed in the UK

LETTER TO THE EDITOR

Heisenberg—Weyl algebras of symmetric and antisymmetric
bosons

R Le Blanct and D J Rowes?

+ A W Wright Nuclear Structure Laboratory, Yale University, New Haven, Connecticut
06511, USA
1 Physics Department, University of Toronto, Toronto, Ontario, Canada M3S 1A7

Received 17 March 1987

Abstract. All the polynomials in symmetric ({2}) and antisymmetric ({11}) u(n) bosons
are constructed in u(n) bases and u(n)-reduced matrix elements for the bosons between
polynomial basis states are computed. Applications to representation theory of Lie groups,
paired-fermion and boson physics are briefly discussed.

The nth Heisenberg-Weyl algebra hw(n) is characterised by the commutation relations
[Viazj]=5ij Lj=1,.. .,n

where, in the Bargmann representation, z; is realised as a complex variable and
V:=0/dz;. This algebra is widely used in physics and mathematics. In field theory,
for example, the raising (z;) and lowering (V;) operators are interpreted as creation
and annihilation operators of n-component vector bosons. They are also interpreted
as the quanta (phonons) of many-body and lattice vibrations. Thus, one often needs
to classify many-boson states and determine the matrix elements of the boson operators
between such states.

This is simple for the vector boson because the boson raising operators span the
fundamental {1} irrep of a u(n) algebra. Consequently, the N-boson states span the
fully symmetric irrep { N} of u(n) and one has the well known u(n)-reduced matrix
elements

AN+ z[{ND=(N+ 1)

In this letter, we consider tensor bosons, which carry irreps {2} and {11} of u(n),
respectively. The components of the corresponding tensor bosons are now conveniently
labelled by double indices (z;; 1=<1i, j=<n) where z; = z; for {2} and z; = ~z; for {11}.
For brevity, we therefore refer to them as symmetric and antisymmetric bosons,
respectively. They are the raising operators of hw(n(n+1)/2) and hw(n(n—1)/2)
Heisenberg- Weyl algebras, respectively, and the N-boson states carry fully symmetric
irreps {N} of u(n(n+1)/2) and u(n(n—1)/2), respectively. However, we wish to
classify them by means of the generally much smaller u(n) Lie algebra.

Tensor bosons arise in physics as composites of more elementary objects, e.g. quark
or Cooper (fermion) pairs. An understanding of their algebraic properties is therefore
needed in the application of boson models in physics. They also appear in the
contraction of classical Lie algebras. Thus, whereas the u(n+1) algebra contains
raising operators (in addition to those of its u(n) subalgebra) which contract to the
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components of a vector boson, the sp(n) and so(2n) algebras contain raising operators
which contract to {2}- and {11}-tensor bosons, respectively. The determination of
explicit formulae for boson matrix elements is therefore of major importance in
representation theory. In addition, the corresponding D and B series feature in the
study of branching rules and Kronecker products both for compact (King 1975, Black
et al 1983) and non-compact (Rowe et al 1985b) groups.

Recent developments in vector coherent state theory (Rowe 1984, Deenen and
Quesne 1984, Rowe et al 1985a) have emphasised the importance of these contractions
in the representation theory of the classical Lie algebras. In particular, it has been
demonstrated that, starting from irreps of u(n), one can induce irreps of classical Lie
algebras and infer their explicit matrix representations in terms of u(n) Wigner and
Racah coefficients and the matrix elements of {1}-, {2}- and {11}-tensor bosons. This
construction has been given explicitly by Hecht et al (1987) for su(n+1)>u(n), by
Rowe (1984) and Rowe et al (1985a) for sp(2n, R) > u(n) and by Hecht and Elliott
(1985) for sp(4) 2 u(2). It has been given by Hecht (1985) for so(8) > u(4), Le Blanc
and Rowe (1986) for so*(2n) > u(n) and so(n, 2) >so(n) and by Rowe and Carvalho
(1986) for so(2n) > u(n).

All of these results need matrix elements of the above-mentioned rank one and
two tensor bosons, some of which are already known. (The simple n =2 symmetric
case has been reviewed by Le Blanc and Rowe (1986). The n =3 symmetric case has
been studied by Quesne (1981) and Rosensteel and Rowe (1983) and is applicable to
the symplectic model of nuclear collective motions of Rosensteel and Rowe (1980)
and to the interacting boson approximation of Arima and Iachello (1983). The n=3
antisymmetric case has been given by Hecht (1987).) The other necessary input for
their use, namely a knowledge of the u(n) Wigner-Racah calculus, has been developed
by Biedenharn and Louck (see Louck 1970) and further developed and identified with
the u(n) representation theory in the context of vector coherent state theory by Le
Blanc and Hecht (1987).

First we consider the symmetric case. The symmetric Bargmann variables

Zy =z 1<ij=n (1)
obey the commutation relations
[V, 2] = 8ub + 8,6 (2)

where V= (z;)7 with respect to the Bargmann measure.
The set of operators

E;=12,V, (3)

with summation over repeated indices, generates a u(n) Lie algebra obeying the usual
commutation relations

[E;, Ey]= 8;Ey — 8,4Ex;. @)

One verifies that the set (z;) spans the u(n) symmetrical irrep {2}.

It is known (Thrall 1942) that the set of all polynomials in the (z;) reduces under
u(n) to a direct sum of all tensor irreps labelled by partitions {d}={d,, d, ,...,d,}
in n parts belonging to D, the set of partitions of even integer parts.
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We now show that the polynomial corresponding to the highest weight component
of the irreducible tensor representation {d} is given by

21
(d,—d,)/2
(zH{d}hw) = N({dp)zidimerz| P B2 Z2
2 Zn
znl

where N({d}) is the normalisation factor given by

n

N({dh= [H

Li<j

( it

(d—d,+j—i-1)!

22 Zyn /2
2 oo (5a)
Zn2 Znn

1 1/2
(d,-+n—i)!!)] ’ ()

That the expression (5a) is highest weight is easily verified by the vanishing action
of the raising operators E;, i <j, on it. The factor N({d}) is easily calculated using a
generalisation of the Cappelli operator identity to the case of the symmetric bosons
(Weyl 1946) which states that, for n =k,

Vi Vi Vi |z 22 21k E+k+1 E,, E
Vo Va Vol 1221 22 22k - E;, E,,+k E,; (6)
Vii Viz Vil 1 2e1 k2 Zkk Ey, E, Ey+2

and which, for n =k =1, reduces to
Viuzy =23V +2.

It is understood that in the expansion of the determinant on the right-hand side of (6)
the products of generators are ordered by increasing column index.
Defining the unnormalised (round) ket

Zi1 22 Zin 42
{d}hw) = zid—dra| B 22| Tz “an
Zn In . . :
znl Zn2 Znn
we have that
({dh d2, cery dn}hw|{dl 3 d2, RIS d,,}hW)
=({d,~2,d,-2,...,d,—2}hw|
Vi Vi Vim| 1211 212 Zim
x VIZI Vlzz V.Zm 231 Z?z Zzlyn
le sz me Zm Zm2 Zmm
x{dy—2,d>=2,...,d,—2}hw) (7a)
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which, using the Capelli identity and since the ket is of highest weight, reduces to
({d,, d>,...,d,}hw|{d,, d,, ..., d,}hw)
=({d,-2,d,-2,...,d,—2}hw|[(E;;+ n+1)(E;,+n)...
X{E,,+2)I{d,—-2,d,-2,...,d,—2}hw)
=[(d+n—-1)(d,+n-2)...(d,)]
x{({d,-2,d,-2,...,d,~2}hwl|{d,-2,d;-2,...,d,—2}hw). (7b)

An iteration of the above steps until d,, d,_, —d,, etc, vanish verifies (5b).

We now compute u(n)-reduced matrix elements of the elementary {2} tensor
operator (1) between states belonging to the tensor representations {d} and
{d+2A'V(k)}, where A'V(k) is the n vector (00...010...0) with null entries
everywhere except for the numeral 1 in its kth entry.

Using the Cappelli identity, one determines the matrix element

({d +24"(k)}hwl(zw/vV2){d }hw)
=({d}hw|(Vi/vV2){d + 24" (k)}hw)

_(dtn+2-k) N({d+2A“’(k)})[ H d+j—k+1>]
B V2 N({d}) = ( ~d+j—k+2

k+1
with no sum on k. The Wigner coefficient needed io isolate the reduced matrix element
from the matrix element (8) is obtained following the pattern calculus of Biedenharn
and Louck (1968) and is given by

kU d —d+j-k+2\1"°
(055" ®
j=1 dk—dj+]—k
Dividing the right-hand side of (8) by (9), we find

dk—d,+j—k+1)]‘/2
de—d+j—k+2

(8)

(a+ 28 k)l = K20 11 "

j=k
Since the set of all the irreducible tensorial representations {d} in the symmetric
bosons with d,+d,+...+d,=2d, fixed spans the one-rowed unirrep {d,} of the

u(n(n+1)/2) Lie algebra spanned by the generators E,, s = z,,V .4, the reduced matrix
elements (10) must satisfy the sum rule

T ddplzia-2a(kp?
=ki ':%(dk'l'n—k)ﬁ(wj—,_k_l):l (11a)

do—d+j—k

jek

NI-—

i (11d)

The sum in (11a) is a sum over the residues of the complex function

Z - pn—l —
fz ZH}( Z Jp ) pi=d+j—i (12)
J= n
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a sum which is equal to minus the residue of this same function at infinity. The latter
residue is defined by the residue of the function

1 (1
g(Z)=-?f<E> (13)

at zero which is found to be given by minus the sum in equation (11b), thus verifying
equation (10).
Next we consider the antisymmetric case. The antisymmetric Bargmann variables

zij=_zji lSi,an (14)
obey the commutation relations
[v ifs Zul= 8ik6j1 - 8i16jk (15)

where V,=-V, = (z,.j)+ with respect to the Bargmann measure.
The set of operators

Ei':_ziava' (16)
4 Y

also generates a u(n) Lie algebra obeying the commutations relations (4). The set (z;)
now spans an antisymmetrical u(n) irrep {11}.

The set of all polynomials in (z;) now reduces under u(n) to a direct sum of all
tensor irreps labelled by partitions {b} € B, the set of partitions conjugate to the set D
of partitions of even integer parts (King 1975, Black et al 1983). A generic partition
{b} e B will thus be labelled by {b,, b,, ..., b,} with

by=b,zbs=b,=... 2b,,,_,=by,, forn=2m, b,,,.,=0forn=2m+1. (17)

We now show that the polynomial corresponding to the highest weight component
of the irreducible tensor representation {b} is given by

b —b b,—b
£ ZamY b OE . z 4 3
<Zl{b}hw> = N({b})( T ]”'l‘”' ) ( MY TIMIM ";17"2 ’7'3‘“'4) L
112 w2 212 w4
£ z z z blm*l
X( Ty TITMATA T 2m—1 T2m 77177:' T3Mg " " ﬂ2m—|ﬂ'2m> (18(1)
m!2 TE2m

where the normalisation factor N({b}) is given by

N({b})=< (18b)

H:n<j[(b2i—] - ij—l +2j —Zi)(b2i—l - ij—l +2j -2i— 1)>1/2
N7 (byi_y+2m =2i)!

and where ¢, ., . is the totally antisymmetric tensor in n dimensions with &,, , = +1.

That the expression (18a) is of highest weight is easily seen from the (antisymmetric)

tensorial properties of the elementary polynomials

<e"’Jmﬂzm---‘"zu—n":uz‘”nﬂ*zﬂsm < Zq az1T2a
' a
al2 m<2a

from which it is built.
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Although no equivalent to the Cappelli identity is known for the antisymmetric
boson case, it can be inferred that the weaker identity

<£”172M4---ﬂ2m—17"zn.vﬂ'l‘n'zv 73Tyt Vv ‘"’2m—1“"'m)

m
m!2 T<2m
b, —b b,—b
[(Eﬂ'lﬂzzﬂ'lﬂ;) ! 3(37,17113#4215-122113#4) >
1 5 e
112 <2 212 =4

bZ -1
X (sﬂﬂlnﬂz'nz‘"lﬂzzﬂsm i Z”Zm—l‘ﬂzm) " ]
m
mi2 m<3m

=[(E, +2m—1)(E;;+2m-3) ... (Ezm—1,2m—1+ 1]

b —b b,—b
X € ”I"ZZ'”I 2 Ve ﬂlfrlfr;w.,zﬂlwzzn;m, >
112! 2122 o

=2 =4
ZoimZ z bam-1~1
X (871"24--‘"’2"- KN R P S 7'[2m—1‘”2m> (19)
m!zm w<2m

holds, from which one easily derives the normalisation coefficient N({b}).

We now compute the u(n)-reduced matrix elements of the elementary {11} tensor
operator (14) between states belonging to the tensor representations {b} and
{b+A""(k)} where A“V(k) is the n vector (00...0110...0) with null entries
everywhere except for the numeral 1 in its (2k —1)th and (2k)th entries.

Using (19) and the identity

\vj E1"'|‘"2"3‘"4-‘-‘"‘2‘:—17"2azﬂ'1‘”zzﬂ'3ﬂ'4 e Zﬂza—xﬂ'u
2a-1,2a 194
a '2 w=<2a
— (E'”J"2El'”4""”2g-3”2a—22"1"22"1"4 e z"Za—J'"Zg—Z) (20)
- a-1
(a—l)!z T<2a-2

we easily determine the matrix element
({b+ 8"V (k) hwl 2y y 24 {b}hw)
=({b}w|V a1 21 [{b+ A"V (k) }hw)
N({b+Aa""(k)})
N({b})

x[ ﬁ (bz,(_l—b2,+,+2j—2k+1)]. (1)

j=k+1 bzk—l_sz_1+2j-2k+1

= (bZk—l - b2k+1+ 1)

The Wigner coefficient needed to isolate the reduced matrix element from (21) is
obtained once more through the use of the pattern calculus and is given by

[lﬁ] <b2k—] _b21_1+2_]—'2k+1) klzll (bZk—l_b2j—1+2j—2k+2>]1/2
b2k—l_b2j—l+2j_2k_1 bzk_]_sz_]+2j_2k )
Dividing the right-hand side of (21) by (22), we find
{b+A""(k)H z[[{B})
m (b ,‘_l—bz»_,+2j—2k—l)]”2
= | (by,+2m—2k+1 ( 2 . . 23
[( 2k-1 )}H b2k—l—b2j—1+2j_2k+l ( )

=1
j#k

(22)

j=1 j=1
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Since the set of all the irreducible tensorial representations {b} in the antisymmetric
bosons with b,+b;+...+ b,,,—, = b, fixed spans the one-rowed unirrep {b,} of the
u(n(n—1)/2) Lie algebra generated by E,j.q = 2, V.4, the reduced matrix elements
(23) must satisfy the sum rule

PRCIETEEISON

m bZk—l—bZ'—1+2j_2k_2>]
by +2m -2k ( S - 24a
1[( 2 )jl:[l bak1— by +2j -2k (24a)

eE!

j=k
= by (24b)
j=1
The sum in (24a) is a sum over the residues of the complex function
P (Z =Py 1pm-1—2 .
f(Z)='%Z H <7E‘2L‘1‘2-—1“”") p2j—l,2m-—l=b2j—l+(2m~l)—(2.]_l)
j=1 —P2j-12m—1

a sum which is equal to minus the residue of this same function at infinity. One easily
finds the latter residue to be given by minus the sum in equation (24b) thus verifying
equation (23).
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